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Abstract 
 
This paper proposes a three-dimensional model for the evolution of micro and sub-micro scale flip chip solder joints. 

The coupled mechanisms of electromigration and the corresponding stress gradient are incorporated into a diffuse inter-
face model. A semi-implicit Fourier spectral method and the preconditioned biconjugate-gradient method are proposed 
for the computation to achieve high efficiency and numerical stability. Our simulations demonstrate dynamic evolution 
of solder joints and breakages at the interface on the cathode side. It is also shown that the dynamically incorporated 
stress gradient considerably affects the evolution of solder joints counteracting the electromigration process. 
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1. Introduction 

Solder joints in flip chip are the interconnection be-
tween a die and the package carrier. Due to the recent 
miniaturization of electronic devices, the diameter of 
a solder joint has been reduced from 100 µm to 50 µm 
and smaller. The average current density easily 
reaches 104 A/cm2 and higher [1]. Under such high 
current density, electromigration in solder joints be-
comes a reliability concern for the high density mi-
croelectronic packaging with further miniaturization. 
The transport of momentum from electrons to atoms 
causes a flux of metal atoms to diffuse in the direction 
of the electron flow. At the sites of flux divergence, 
atoms will either deplete or accumulate, leading to the 
development of voids or hillocks which may cause 
failure of solder joints.  

The reliability of solder joint under electromigra-
tion has been extensively studied in recent years [2-5]. 
From experiments during the operation of a real flip 
chip, it has been observed that void formation starts 

near the current crowding region of the solder contact, 
and spreads quickly across the contact area after nu-
cleation [6]. Voids developed at the contact area re-
duce the contact cross-section. The associated in-
crease of local current density further promotes elec-
tromigration and eventually leads to failure such as 
breakage. For quantitative study of the electromigra-
tion process in the solder bump, characteristics such 
as activation energy, threshold current density, effec-
tive charge numbers and electromigration rate have 
been measured by developed experimental techniques 
[7, 8]. Recently, it was observed that electromigration 
creates stresses that can retard electromigration [9-12]. 

To rigorously assess the reliability of solder joints, 
several approaches have been proposed to explain 
electromigration-induced damage of solder joints. 
While the proposed analyses have provided a valu-
able insight into the basic ideas of the electromigra-
tion-induced evolution of solder joints, it is still not 
clear how the solder bump evolves and leads to fail-
ure. Solder joints have been described by two-
dimensional models, and voids at the contact region 
have been assumed to have a specifically designed 
shape and the evolving direction, which may lead 
inaccurate assessments [13, 14]. Furthermore, elec-
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tromigration-induced stress has not been dynamically 
incorporated in the model. It is known that the accu-
mulation of vacancies at the cathode can generate a 
tensile stress. A recent study showed that the build up 
of stress in a solder joint could have considerable 
effect [15]. 

We present a three-dimensional model for the evo-
lution of flip chip solder joints. This model couples 
electromigration and stress gradient induced by the 
electromigration process. Previous two-dimensional 
models assumed preexisting voids that evolve follow-
ing the guided evolving directions and shapes within 
steady solders. Our three-dimensional dynamic model 
allows us to investigate dynamic deformations of 
contact regions between evolving solders and flip 
chips. The failure time predicted by the two-
dimensional model was calculated by the progress of 
a bar-shaped void at the contact region. It can have 
cases with definite deviations from the failure time 
calculated by the three-dimensional deformation of 
the contact region. Furthermore, a dynamically incor-
porated stress gradient in our model may affect the 
failure time since it can counteract or enhance the 
electromigration process with different progress in 
time. Considerable change of geometry in solder dur-
ing evolution and multiple mechanisms in the system 
cause a computational challenge. This is addressed by 
employing a diffuse interface model with multiple 
concentrations. Three concentrations generate three 
different regions: flip chip, solder, and air. Each re-
gion with different material property evolves simulta-
neously. To efficiently resolve these complications, a 
robust numerical scheme is adopted. 
 

2. Model  

Here, we model the electromigration-induced evo-
lution of a solder joint and consider a lead-free solder 
that has been currently replacing the conventional 
eutectic solders. Pure Sn solder may have the growth 
of Sn whiskers that probably give rise to a short cir-
cuit. It is considered that the compressive stress is the 
driving force for the growth of Sn whiskers [16, 17]. 
The compressive stress is generally induced by the 
diffusion of Cu into Sn and the formation of intermet-
allic compounds (IMC) [16, 17]. To prevent the 
growth of Sn whiskers, various methods have been 
investigated, such as annealing the Sn deposits, using 
a thick layer of Sn with larger grains, incorporating 
additives in the layer of Sn, and introducing a diffu- 

 
 
Fig. 1. A schematic drawing of a flip-chip solder joint. The 
two concentration fields, 1C  and 2C , represent a lead-free 
solder and plates, respectively. 
 
sion barrier [16-19]. Recently, it has been reported 
that a layer of Ni is an effective barrier to restrain the 
growth of Sn whiskers [20, 21]. The Ni layer can 
reduce Cu diffusion into the Sn layer, effectively pre-
venting the formation of IMC. Hence, recently devel-
oped techniques allow us to assume that the effect of 
Sn whiskers can be neglected and focus on the elec-
tromigration process in studying the reliability of 
solder joints.  

Fig. 1 shows a schematic of the flip chip solder 
joint sandwiched between two copper plates. The 
solder may change its morphology by diffusion that is 
developed by electron wind and stress gradient. The 
arrows marked by e  indicate the direction of elec-
tron flow. The system incorporates multiple kinetics 
and energetics, which are diffusion, electric field, 
elastic field, and surface tension. To efficiently pre-
sent the morphological change of this system, a dif-
fuse interface model is employed. We have demon-
strated its efficiency and effectiveness in simulating 
dynamic evolutions of various nano/microstructures 
involving multiple mechanisms [22-25]. Here, three 
concentration fields, 1C , 2C , and 3C , are intro-
duced to represent the lead-free solder, the copper 
plates, and air, respectively. We define a concentra-
tion 1C  by the volume fraction of the lead-free sol-
der and a concentration 2C  by the volume fraction 
of the copper plates. Air in the domain is represented 
by 3C  which is 1 21 C C− − . The concentrations are 
regarded as spatially continuous and time-dependent 
functions, ( )1 1 2 3, , ,C x x x t  and ( )2 1 2 3, , ,C x x x t . For 
simplicity, we assume isotropic surface energy and 
diffusivity. 

Following Cahn-Hilliard, the free energy of the 
system with multiple concentrations can be defined as  

( ) ( ){ 2
1 2 11 1,cG g C C h C= + ∇∫   
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( ) ( )}2
22 2 12 1 2h C h C C dV+ ∇ + ∇ ∇ .  (1) 

 
The first term represents the chemical energy in the 

system. Other terms account for the interfacial energy 
between three components, where 11h , 22h , and 12h  
are material constants. Atoms diffuse in the solder 
bump from high chemical potential regions to low 
chemical potential regions, which causes the solder 
bump to change its shape. The corresponding driving 
forces for diffusion in the solder bump and the plates 
are attributed to the chemical potential by 

0
1 1
chem µ= −∇F  and 0

2 2
chem µ= −∇F , respectively. The 

chemical potential is related to the free energy by 
0
1 1/G Cµ δ δ=  and 0

2 2/G Cµ δ δ= . In an electric field, 
one driving force is attributed to the electron wind 
force. A mechanical stress gradient is also generated 
by the electromigration and it can counteract or en-
hance the electromigration process [26]. Thus, the 
total driving force can be expressed by 

1 1 1 1
chem elec elas= + +F F F F  and 2 2 2 2

chem elec elas= + +F F F F , 
where 1

elecF and 2
elecF , 1

elasF  and 2
elasF  are the driv-

ing force related with the electric field and elastic 
field, respectively. The total driving force leads to the 
atomic flux of 1 1 1M=J F  and 2 2 2M=J F . By com-
bining with the mass conservation relation, 

1 1 0C t∂ ∂ + ∇ ⋅ =J  and 2 2 0C t∂ ∂ + ∇ ⋅ =J , Cahn 
Hilliard equations are obtained as follows: 
 

2 21
1 11 1 12 2

1

2cC gM h C h C
t C

δ
δ

⎡ ⎧ ⎛ ⎞∂ ⎪= ∇ ∇ − ∇ − ∇⎢ ⎨ ⎜ ⎟∂ ⎪⎢ ⎝ ⎠⎩⎣
 

 }1 1
elec elas ⎤+ + ⎦F F , (2) 

2 22
2 22 2 12 1

2

2cC gM h C h C
t C

δ
δ

⎡ ⎧ ⎛ ⎞∂ ⎪= ∇ ∇ − ∇ − ∇⎢ ⎨ ⎜ ⎟∂ ⎪⎢ ⎝ ⎠⎩⎣
 

 }2 2
elec elas ⎤+ + ⎦F F . (3) 

 
The chemical energy with three components has 

been derived from the studies of two-phase solidifica-
tion [27]: 

( ) ( ) ( ){ }2 2 22 2 2
0 1 1 2 2 3 31 1 1cg f C C C C C C⎡= − + − + −⎢⎣

  

( ) ( )( ) ( ){ }2
2 21

1 1 1 3 2 1 115 1 1 9 5
4

Ca C C C C C C+ − + − − + −
 

( ) ( )( ) ( ){ }2
2 22

2 2 2 3 1 2 215 1 1 9 5
4

Ca C C C C C C+ − + − − + −
 

( ) ( )( ) ( ){ }2
2 23

3 3 3 1 2 3 315 1 1 9 5
4

Ca C C C C C C+ − + − − + − .  (4) 

By taking 1 2 3 1a a a= = =  for simplicity and 

3 1 21C C C= − − , the chemical potentials are ex-
pressed by 

 

( )( ){ }2 2
0 1 2 1 1 1 2 2 2

1

2 2 1 2 2 2 2cg f C C C C CC C C
C
∂ = + − − + − +
∂

, (5) 

( )( ){ }2 2
0 1 2 1 1 1 2 2 2

2

2 2 1 2 2 2 2cg f C C C C CC C C
C
∂ = + − − + − +
∂

. (6) 

 
One driving force for diffusion in the solder 

bump is attributed to the electron-wind force, which 
refers to the effect of the momentum exchange be-
tween the moving electrons and the ionic atoms and 
is described as  

 
1 1
elec ef φ= − ∇F , 2 2

elec ef φ= − ∇F ,  (7) 
 
where 1 1 1/ef e Z ∗= Ω  and 2 2 2/ef e Z ∗= Ω . 1Ω  and 

2Ω  are the atomic volume of tin and copper, respec-
tively. 1Z ∗  and 2Z ∗  are the phenomenological effec-
tive valence of the atom of tin and copper, respec-
tively. e  is the charge of an electron. The negative 
signs in equations mean that the force is in the direc-
tion of the electron flow. Due to the conservation of 
electric charges and Ohm’s law, the electric potential 
obeys the Laplace equation, 

 
( ){ }1 2, 0C Cξ φ∇ ⋅ ∇ = ,  (8)  

 
where ξ  is the conductivity of the media, which is 
linearly interpolated by that of the solder bump and 
the copper plates, namely, ( ) 1 1 2 2C C Cξ ξ ξ= + . This 
partial differential equation, together with boundary 
conditions, determines the electric potential. 

Here the stress gradients resulting from electromi-
gration are shown to produce an additional driving 
force, given by [28] 

 
1 1 1
elas af σ= − Ω ∇F , 2 2 2

elas af σ= − Ω ∇F ,  (9) 
 

where ( ) / 3ijtraceσ σ=  is the hydrostatic stress for 
diffusion through the bulk. This driving force, which 
is taken to be proportional to the gradient to the hy-
drostatic stress, works against the electrical current-
induced mass flow; it leads to atomic backflow. 

By normalization with the characteristic length, cL , 
time, ct , mobilities, 1cM , 2cM , electric potential, cφ , 
and the hydrostatic stress, cσ , 
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0 2 2 2 21
1 1 11 1 12 2

1
2

C M Ch C Ch C
t

µ⎧∂ ⎛= ∇ ∇ − ∇ − ∇⎨ ⎜∂ ⎝⎩
 

)}A Bφ σ− + , (10) 

0 2 2 2 22
2 2 22 2 12 1

1
2M

CR M Ch C Ch C
t

µ⎧∂ ⎛= ∇ ∇ − ∇ − ∇⎨ ⎜∂ ⎝⎩
 

)}A Bφ σ− + , (11) 

where the chemical potentials are ( )0
1 1 22 1C Cµ = + −   

( )2 2
1 1 1 2 2 22 2 2 2C C C C C C− + − + and ( )0

2 1 22 1C Cµ = + − .  
( )2 2

1 1 1 2 2 22 2 2 2C C C C C C− + − + The characteristic 
variables are 2

1 0/ 2c c ct L M f= , 2
11 11 0/ cCh h L f= , 

2
12 12 0/ cCh h L f= , and 2

22 22 0/ cCh h L f= . MR  is the 
ratio of the characteristic mobilities, 1 2/M c cR M M=  
and 0/ 2cA fφ= , 0/ 2cB fσ= . 11Ch , 22Ch , and 

12Ch  are the Cahn numbers which represent the rela-
tive significance of the interface energy between ma-
terials. 

The stress evolves along with electromigration. 
Here general equations which connect the stress and 
the diffusion equation are derived based on 
Sarychev’s work [29]. We assume that the total strain 
tensor ijε  has a purely elastic component elas

ijε  and 
an inelastic component elec

ijε  due to electromigration: 
 

elec elas
ij ij ijε ε ε= + .  (12) 

 
We use the following equation for the evolution of 

the volume deformation elec
ijε  due to electromigra-

tion [29]: 
 

elec
kk

t
ε∂ = Ω∇ ⋅
∂

J .  (13)  

 
In the solder region and the plate region, the inelas-

tic component is represented by 1 1/elec
kk tε∂ ∂ = Ω∇ ⋅ J  

and 2 2/elec
kk tε∂ ∂ = Ω∇ ⋅ J , respectively, where 1 =J  
( ){ }2 2

1 1 11 1 12 2 2 2/ 2 elec elas
cM g C h C h C− ∇ ∂ ∂ − ∇ − ∇ + +F F  

and ( ){ 2 2
2 2 2 22 2 12 1 2/ 2 elec

cM g C h C h C= − ∇ ∂ ∂ − ∇ − ∇ +J F
}2

elas+F . We assume that Hook’s law applies to the 
elastic deformation 

 
elas
ik iklm lmSε σ= ,  (14) 

 
where iklmS  is the stiffness matrix. For isotropic ma-
terials, ( ) ( )( ) ( )/ 1 / 2iklm ik lm il km kl imS v E v Eδ δ δ δ δ δ= − + + + . 
E  is Young’s modulus and v  is the Poisson ratio. 
From Eq. (12) and (14), we have stress-strain relation: 

 
2elec

ij kk ij kk ij ijTσ ε δ λε δ µε= − + + ,  (15) 

where 2 /3T λ µ= +  is the bulk modulus, 
( )( )( )/ 1 1 2vE v vλ = + −  and ( )( )/ 2 1E vµ = +  are 

Lame’s constants. We take E  to have the form of 
( )1 2 1 1 2 2,E C C E C E C= + , where 1E  and 2E  are 

material constants, and we assume v  is a constant 
for simplicity. Lame’s constants, λ  and µ , conse-
quently become functions of the concentrations. As 
derived by Sarychev, we take elec

kk kkε γε=  for special 
situations including the strains being small and bulk 
diffusion considered. The hydrostatic stress for diffu-
sion through the bulk has ( ){ }2 1 2 elec

kkEσ ν ε= − +  
( )( ){ }/ 9 1 2 1ν ν− − . Thus, the stress fields in the sol-

der region and the flip-chip region have the following 
relations. 
 

( )
1 1

1 1
1

2
9 1

E
t v
σ∂ = − Ω ∇ ⋅
∂ −

J ,  (16) 

( )
2 2

2 2
2

2
9 1

E
t v
σ∂ = − Ω ∇ ⋅
∂ −

J .  (17) 

 
By normalization,  
 

0 2 2 2 21
1 1 1 1 1 11 1 12 2

1
2

aP f M Ch C Ch C
t
σ µ⎧∂ ⎛= Ω ∇ ∇ − ∇ − ∇⎨ ⎜∂ ⎝⎩

 

1 1

2

afAφ σ
⎫⎞Ω ⎪− − ⎬⎟
⎪⎠⎭

,  (18) 

({ 0 2 22
2 2 2 2 2 22 2

a
MR P f M Ch C

t
σ µ∂ = Ω ∇ ∇ − ∇
∂

 

2 2 2 2
12 1

1
2 2

afCh C Aφ σ
⎫⎞Ω ⎪− ∇ − − ⎬⎟
⎪⎠⎭

.  (19) 

where ( ){ }1 1 1 12 / 9 1 cP E v σ= −  and 2 22 /P E=  
( ){ }2 29 1 cv σ− . 

 

3. Numerical implementation  

The numerical approach needs to have a high spa-
tial resolution to resolve the high order derivatives in 
the diffusion equation as well as the large gradients at 
the interface region. The approach should also be 
efficient and stable for the time integration, which is 
especially important for three-dimensional simula-
tions. We propose an efficient semi-implicit Fourier 
spectral method for both high spatial resolution and 
fast computation. The central idea of the semi-
implicit method is to treat the linear term implicitly 
and the nonlinear term explicitly to allow for larger 
time steps without losing numerical stability [30, 31]. 
In contrast, a fully implicit treatment yields expensive 
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schemes, while explicit discretization quickly leads to 
numerical instability or needs impractical time-step 
constraint,  

 
2 2 2 4 2 41

1 1 1 2 11 1 12 2
12
2

C C C Ch C Ch C
t

τ τ∂ = ∇ + ∇ − ∇ − ∇
∂  

0 2 2 2 2
1 1 11 1 12 2

1
2

M Ch C Ch C A Bµ φ σ⎧ ⎛ ⎞+ ∇ ⋅ ∇ − ∇ − ∇ − +⎨ ⎜ ⎟
⎝ ⎠⎩  

2 2 2 4 2 4
1 1 1 2 11 1 12 2

12
2

C C Ch C Ch Cτ τ ⎫− ∇ − ∇ + ∇ + ∇ ⎬
⎭

,  (20) 

2 2 2 42
2 2 2 1 22 22M

CR C C Ch C
t

τ τ∂ = ∇ + ∇ − ∇
∂

 

2 4 0 2 2 2 2
12 1 2 2 22 2 12 1

1 1
2 2

Ch C M Ch C Ch Cµ⎧ ⎛− ∇ + ∇⋅ ∇ − ∇ − ∇⎨ ⎜
⎝⎩

 

) 2 2 2 4
2 2 2 1 22 22A B C C Ch Cφ σ τ τ− + − ∇ − ∇ + ∇  

2 4
12 1

1
2

Ch C ⎫+ ∇ ⎬
⎭

.  (21) 

 
Note that stability is achieved in conjunction with the 
extrapolated Gear (SBDF) scheme for time integra-
tion. Among the second order multi-step methods, 
SBDF has the strongest high modal decay [32]. This 
provides the required damping for the very high fre-
quencies in the diffusion equation without a harsh 
time-step constraint. Applying the scheme to the 
normalized diffusion equation, we obtain the follow-
ing discretized form: 
 

(1 1 2 1 2 1
1 1 1 1 1 1 2

3 12 2
2 2

n n n n nC C C t C Cτ τ+ − + +− + = ∆ ∇ + ∇  

2 4 1 2 4 1 1
11 1 12 2 1 1

1 2
2

n n n nCh C Ch C P P+ + −⎞− ∇ − ∇ + −⎟
⎠

,  (22) 

(1 1 2 1 2 1
2 2 2 2 2 2 1

3 12 2
2 2

n n n n n

M

tC C C C C
R

τ τ+ − + +∆− + = ∇ + ∇  

2 4 1 2 4 1 1
22 2 12 1 2 2

1 2
2

n n n nCh C Ch C P P+ + −⎞− ∇ − ∇ + −⎟
⎠

.  (23) 

 
where  
 

({ 0 2 2 2 2
1 1 1 11 1 12 2 / 2n n n nP t M Ch C Ch Cµ= ∆ ∇ ⋅ ∇ − ∇ − ∇   

 ) 2 2 2 4
1 1 1 2 11 12 n n nE B C C Ch Cφ σ τ τ− + − ∇ − ∇ + ∇  

 }2 2
12 2 / 2nCh C+ ∇ ,  (24) 

( ) ({ 0 2 2 2 2
2 2 2 22 2 12 1/ /2n n n n

MP t R M Ch C Ch Cµ= ∆ ∇⋅ ∇ − ∇ − ∇  

) 2 2 2 4
2 2 2 1 22 22 n n nA B C C Ch Cφ σ τ τ− + − ∇ − ∇ + ∇  

}2 2
12 1 / 2nCh C+ ∇ .  (25) 

By applying the Fourier transform to Eqs. (22) and 
(23), we effectively perform calculations with  
 

1 1 1
1 4 1 1 1 1

1 1ˆ ˆ ˆ ˆ ˆ2 2
2

n n n n nC L C C P P
Det

+ − −⎧ ⎛ ⎞= − + −⎨ ⎜ ⎟
⎝ ⎠⎩

  

 1 1
2 2 2 2 2

1ˆ ˆ ˆ ˆ2 2
2

n n n nL C C P P− − ⎫⎛ ⎞− − + − ⎬⎜ ⎟
⎝ ⎠⎭

,  (26) 

1 1 1
2 3 1 1 1 1

1 1ˆ ˆ ˆ ˆ ˆ2 2
2

n n n n nC L C C P P
Det

+ − −⎧ ⎛ ⎞= − − + −⎨ ⎜ ⎟
⎝ ⎠⎩  

 

1 1
1 2 2 2 2

1ˆ ˆ ˆ ˆ2 2
2

n n n nL C C P P− − ⎫⎛ ⎞+ − + − ⎬⎜ ⎟
⎝ ⎠⎭

,  (27) 

 
where 2 2 4

1 1 113/ 2 2L tk Ch tkτ= + ∆ + ∆ , 2
2 1L tkτ= ∆ +  

2 4
12 / 2Ch tk∆ , ( )2 2 4

3 2 12/ / 2M ML tk R Ch tk Rτ= ∆ + ∆ , 4L =  
2 2 4

2 223/ 2 2 / /M Mtk R Ch tk Rτ+ ∆ + ∆ , 1 4 2 3Det L L L L= − . 
The caret ‘^’ stands for the Fourier Transform, and 

2 2 2 2
1 2 3k k k k= + + . The electric field is determined 

by ( ){ }1 2, 0C Cξ φ∇ ⋅ ∇ = , which can also be written 

as 2 0ξ φ ξ φ∇ +∇ ⋅∇ = . We apply the second order 
discretization and compute the matrix with the pre-
conditioned biconjugate gradient method [33]. The 
Jacobi preconditioner is adopted. The approach 
allows efficient computation of large 3D domains. 
The stress field in Eq. (18) and (19) can be numeri-
cally solved by following the same procedure with 
the numerical implementation of the diffusion equa-
tions. 

In the following we outline the procedure to com-
pute 1n

iC +  from n
iC . First, we compute the electric 

potential field nφ  that corresponds to the concentra-
tion distribution n

iC . Then using the solution of nφ , 
we compute ( )nc

iµ . We solve the evolution of the 
stress field nσ  due to electromigration. Using ˆ n

iC , 
ˆnφ , and ˆ nσ , we compute the convective Cahn-

Hilliard equation in Fourier space to obtain 1ˆ n
iC + . 

The new concentration 1n
iC +  is obtained from 1ˆ n

iC +  
by the inverse Fourier transform. The procedure is 
repeated until a prescribed time. 
 

4. Results and discussions 

A series of simulations have been performed, 
which give a whole picture of the evolution process. 
Representative results are shown in Figs. (2)-(6). The 
calculation domain size is 70× 70× 50. The diameter 
of the solder bump is 50, which corresponds to a 
physical diameter of 50 µm since the characteristic 
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length is taken to be 1 µm. The plates at the top and 
the bottom of the solder have a thickness of 5. Visual-
ized three-dimensional graphs represent the solder 
surface and the plates by tracking where 1C  and 2C  
have 0.5. Unless otherwise noted, the following mate-
rial parameters are used in our simulations. Young’s 
modulus of Cu is 130 GPa and that of Sn is 50 GPa. 
Poisson ratio of Cu and Sn is 0.34 and 0.36, respec-
tively. Atomic volume of Cu is 7.1 cm3/mol and that 
of Sn is 16.3 cm3/mol. Diffusivity of Cu and Sn at 
150 °C is around 10-12 cm2/s and 1.3× 10-10 cm2/s, 
respectively. 

Fig. 2 shows evolution sequences when the electric 
field is not applied and with the applied electric field. 
As shown in Fig. 2(a), when the Cahn numbers are 
assigned as 11Ch = 1.0, 22Ch = 1.0, and 12Ch = 0.1, 
which the surface energy between the solder and the 
plates is ten times smaller than that of solder and the 
plates, the simulation without an electric field shows 
reasonably maintained spherical shape of solder for a 
long time similar to physical observations. As the 
interface energy of the contact area between the sol-
der bump and the plates becomes smaller than that of 
the solder and the plate, the solder bump tends to 
remain spherical. If the interface energy of the contact 
area becomes comparable to that of the solder bump, 
the contact area will increase and the solder bump 
will be cylindrical to reduce the total surface energy. 
The plates diffuse slowly and almost remain flat, 
while the solder bump undergoes morphological evo-
lution since the diffusivity of Cu at 150 °C is much 
smaller than that of Sn. The morphology of the sys-
tem becomes stable and maintains its shape for a long 
time. However, this stable morphology is disturbed 
by the electron flow. Then, the contact area between 
the solder bump and the top plate quickly decreases, 
which will cause the failure of the solder joint as 
shown in Fig. 2(b). Electron wind flows from the left 
of the top plate to the right of the bottom plate as 
shown in Fig. 1. The solder bump is subjected to a 
normalized electric potential of 1 that corresponds to 
the current density of 104 A/cm2, which is typical in 
experiments.  

The current crowding occurs at the contact inter-
face between the top plate and the solder bump. From 
experiments, the formation of a void is observed at 
the current crowding region. In our simulation, the 
solder bump starts to break apart from the top plate at 
the left side of the solder bump in the downward elec-
tron flow. It is consistent with experimental observa- 

 
(a) 

 
(b) 

Fig. 2. The simulation results (a) without the applied electric 
field and (b) under the electric field. The applied electric field 
is A = 1.0 and the Cahn numbers are 11Ch = 1.0, 

22Ch = 1.0, and 12Ch = 0.1. 
 
tions in which a void tends to initiate where current-
crowding occurs. When a void forms, it blocks the 
original electrical path and changes the current-
crowding region to travel around the void. The 
growth of the void reduces the effective contact area 
at the interface region and increases the current den-
sity in the remaining contact area. This makes the 
current density higher and eventually causes circuit 
failure. In simulations, the contact area between the 
solder bump and the top plate decreases, while the 
contact area between the solder bump and the bottom 
plate increases. The shape of the solder also becomes 
flatter. The evolution sequence shows that the elec-
tron wind causes solder material to diffuse from cath-
ode to anode. 

In Fig. 3, the failure time is calculated by the area  
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Fig. 3. The area of the contact region between the solder and 
the top plate ( )cA  changes with different strengths of the 
applied electric fields ( )A . The Cahn numbers are 

11Ch = 1.0, 22Ch = 1.0, and 12Ch = 0.1. 
 

 
 
Fig. 4. The enhanced interface energy at the contact region 
induces the improved reliability of the solder joint. The failure 
time ( )ft  is plotted as a function of time with the different 

Chan numbers ( )12Ch . 

 
of the contact region between the solder and the top 
plate with various strengths of the applied electric 
field. The failure time is almost exponentially de-
creased as the strength of the applied field increases, 
as shown in Fig. 3. When the normalized strength of 
the applied electric field reaches near 1, it is expected 
that the failure time will not be affected significantly 
by a stronger electric field under the present condi-
tions of simulations. With the different conditions 
such as high temperature, the electromigration-
induced diffusion can be aroused and the failure time 
may be decreased with the same electric field. Also, 
the more minimized solder joint will generate a 
higher electric current density, which will affect the 
failure time. 

Fig. 4 shows the simulation results with the various 
interface energy of the contact region, which can be 
employed by the Ni layer or other material that is an 
effective barrier to restrain the growth of Sn whiskers 
[20, 21]. As shown in Fig. 4, the enhanced interface 
energy by the chemical manipulation improves the 
reliability of the solder joint as increasing the failure  

 
(a) 

 
(b) 

 
(c) 

Fig. 5. The failure time is changed by the stress gradient. The 
stress gradient did not consider (a). The weighting factor of 
the stress gradient is (b) B = 1.0 and (c) B = 2.0. The ap-
plied electric field is A = 0.5 and the Cahn numbers are 

11Ch = 1.0, 22Ch = 1.0, and 12Ch = 0.1. 
 
time. These results suggest that we can investigate the 
effect of the chemically and geometrically designed  
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Fig. 6. The cross section areas of contact region between the 
solder and the flip-chip ( )cA  are plotted. The applied elec-
tric field is A = 0.5. The Cahn numbers are 11Ch = 1.0, 

22Ch = 1.0, and 12Ch = 0.1. 
 
contact region on the reliability of the solder joint. 
The reliability of the solder joint considerably de-
pends on the condition of the contact region where 
the failure happens. Thus, the chemical and geometri-
cal manipulation to increase the interface energy will 
improve the reliability of the solder joint in addition 
to preventing Sn whiskers. 

It has been observed that electromigration gener-
ates a stress gradient in the solder bump, and the 
simulation results incorporating the generated stress 
gradient are presented in Fig. 5. The applied electric 
field is A = 0.5. The stress gradient is not considered 
in Fig. 5(a). The weighting of the stress gradient on 
the evolution process is described by B  which is 1 
and 2 in Fig. 5(b) and (c), respectively. As shown in 
Fig. 5, the departing process of the solder bump from 
the top plate becomes slow as the effect of the stress 
gradient increases. Simulations with the electromigra-
tion-induced stress gradient show that the stress gra-
dient counteracts the electromigration process. In Fig. 
6, the failure time is calculated by the area of the con-
tact region between the solder and the top plate with 
the stress gradient. In Fig. 6, the effect of the stress 
gradient on the failure time becomes significant as the 
effect of the stress gradient increases, which suggests 
that considering the coupled mechanism may be nec-
essary to provide reliable predictions in some situa-
tions. 
 

5. Conclusions 

In a small scale flip chip solder joint, both elec-
tromigration and the corresponding stress gradient 
contribute to the mass transport of a solder bump. We 
model the coupled mechanism in electromigration in 

a continuum space. The three-dimensional model and 
computational approach proposed in this paper allow 
for a detailed study of the evolution process of the 
solder joint. The simulations show that the solder 
bump starts to break apart from the current-crowding 
region, and the failure time significantly decreases as 
the strength of the applied electric field increases. The 
results incorporating the stress gradient indicate that 
the generated stress gradient considerably influences 
the evolution of solder joints counteracting the elec-
tromigration process. 
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